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We investigate the shear viscosity of a pion gas in relativistic kinetic theory, using the Nambu-Jona-
Lasinio model to construct the pion mass and the pipi-interaction at finite temperature. Whereas at
low temperatures the scattering properties and, hence, the viscosity are in agreement with lowest-
order chiral perturbation theory, we find strong medium modifications in the crossover region. Here
the system is strongly coupled and the scattering lengths diverge, similarly as for ultra-cold Fermi
gases at a Feshbach resonance. As a consequence, the ratio η/s is found to be strongly reduced
as compared to calculations without medium-modified masses and scattering amplitudes. However,
the quantitative results are very sensitive to the details of the applied approximations.
PACS numbers: 24.85.+p, 25.75.-q, 24.10.Cn, 24.10.Jv
I. INTRODUCTION
The elliptic flow at RHIC was found to be in rather
good agreement with almost ideal hydrodynamic behav-
ior [1–7]. This led to an intensive discussion of the hydro-
dynamical properties of strong-interaction (QCD) matter
under extreme conditions. The viscous properties of a
thermal system are characterized by its transport coeffi-
cients. These describe the deviation from ideal hydrody-
namics and are determined by the micro-physics.
While originally the RHIC data have been interpreted
as evidence for an almost perfect fluid in the quark-
gluon phase, it was pointed out recently that the elliptic
flow crucially depends on the transport properties in the
hadronic phase [8]. In this phase, at low temperatures
and small baryo-chemical potentials, the thermal proper-
ties of QCD matter are governed by the lightest degrees
of freedom, namely pions. Moreover, for small enough
temperatures, a gas of pions is sufficiently dilute to ap-
ply relativistic kinetic theory. Such a kinetic description
of transport processes requires solely the (in-medium)
masses and scattering amplitudes of the underlying par-
ticles. In this context, usually the vacuum values of these
quantities are used [9–17]. The temperature dependence
of the transport coefficients is then the result of the dif-
ferent thermal occupation of states. However, the pion
mass and the pion interactions are modified by the hot
and dense medium. Since pions are (near) Goldstone-
bosons of spontaneously broken chiral symmetry, their
properties are sensitive to its restoration at high temper-
atures, especially in the chiral crossover region.
A consistent description of pion scattering processes
in the vacuum and at low temperatures can be obtained
within chiral perturbation theory [18–23]. However, the
expansion breaks down in the chiral crossover region
where nonperturbative effects become essential. There-
fore, in order to describe ππ-scattering in this region, an
approach is needed which allows for a proper descrip-
tion of the chiral phase transition. The starting point
for our investigations will be the Nambu-Jona-Lasinio
(NJL) model [24, 25], which has been used extensively to
study spontaneous chiral symmetry breaking in the vac-
uum and its restoration at finite temperature and (net)
quark density. (For reviews see [26–29].) Unlike in the
linear sigma model, which was employed in ref. [30] in a
similar context, the elementary degrees of freedom in the
NJL model are quarks. Mesons are constructed from qq¯-
correlations. At low temperatures, the pion emerges as
a bound state in the pseudoscalar channel, whose mass,
decay constant and scattering properties are consistent
with chiral low-energy theorems [31, 32]. However, in the
vicinity of chiral restoration, the pion gets dissolved and
becomes a broad resonance at high temperatures. This
feature, which is a natural consequence of the compos-
iteness, cannot be described properly in the linear sigma
model and is our main motivation to use the NJL model.
In the present work, we focus on the shear viscosity η.
This transport coefficient is essential for the behavior of
the elliptic flow in non-central heavy-ion collisions. More-
over, the ratio of shear viscosity over entropy density, η/s,
is a measure for the proximity of a given system to ideal
fluid dynamical behavior. In the context of the AdS/CFT
correspondence it has been conjectured that η/s has a
universal lower bound of 1/4π [33] (although this con-
2jecture has been questioned by some authors, see, e.g.,
Ref. [34]). Thus, an almost-ideal fluid should acquire a
value of η/s which is close to this putative lower bound.
Besides the hot and dense fireball of a heavy-ion colli-
sion, nearly-ideal hydrodynamic behavior has also been
discussed for a system of ultra-cold fermionic atoms in a
trap. Here a divergent scattering length (unitary limit)
can be achieved via a Feshbach resonance tuned with an
external magnetic field. Ultra-cold Fermi gases thus offer
the exciting possibility to study strongly coupled systems
under ’controlled conditions’ in the laboratory and infer
analogies to QCD matter. We shall see that a divergent
scattering length can also be found in a pion gas near the
chiral crossover.
This article is organized as follows. In sect. II, we de-
scribe the main steps for calculating the shear viscosity
in relativistic kinetic theory. In sect. III, we employ the
NJL model to determine the relevant quantities which
enter the kinetic description: After briefly reviewing the
temperature dependence of quark and meson masses as
well as the ππ-scattering lengths, we introduce several
approximation steps of increasing sophistication to calcu-
late the in-medium ππ-scattering amplitude and discuss
the resulting changes of the total cross sections. The re-
sults for the shear viscosity and for η/s are presented in
sect. IV. Finally, in sect. V, we discuss the implications
of our results and propose further developments.
II. SHEAR VISCOSITY FROM KINETIC
THEORY
In this section we summarize the main ideas of how to
calculate the shear viscosity within kinetic theory and list
the corresponding equations that need to be solved. We
largely follow Refs. [13, 15–17], and refer to these articles
for further details.
The basic ingredients of relativistic hydrodynamics
are the local fluid four-velocity uµ(x) and the energy-
momentum tensor T µν . Performing an expansion in gra-
dients of u, the latter can be written as
T µν = T (0)µν + T (1)µν + . . . (1)
where
T (0)µν = (ǫ + p)uµuν − p gµν (2)
is the ideal part solely specified by the local energy den-
sity ǫ and pressure p, while
T (1)µν = η
[
∂µuν + ∂νuµ − uµuλ∂λuν − uνuλ∂λuµ
]
+
(
ζ − 2
3
η
)
[gµν − uµuν ] ∂λuλ (3)
gives the first-order viscous correction with the bulk vis-
cosity ζ and the shear viscosity η.
In order to determine these transport coefficients in
kinetic theory one exploits the fact that T µν is related to
the phase-space distribution functions f(x, p) ≡ f(x,p, t)
of the particles involved. In the present study we limit
ourselves to a gas of pions. Then we have
T µν(x) = gpi
∫
d3p
(2π)3E
pµpνf(x, p) , (4)
where gpi = 3 is the isospin degeneracy of the pions and
p0 ≡ E = √m2pi + p2 is their on-shell energy. In a rel-
ativistic quantum mechanical framework, the space-time
evolution of the distribution function is governed by the
Boltzmann-Uehling-Uhlenbeck (BUU) equation
pµ
E
∂µf(x, p) = Cpipi[f ], (5)
where the collision term Cpipi[f ] encodes the changes of
the distribution function due to interaction processes. In
the following we restrict ourselves to 2 → 2 processes,
p+ p1 ↔ p′ + p′1. Then the collision term is given by
Cpipi [fpi] =
gpi
2
∫
d3p′
(2π)3
∫
d3p1
(2π)3
∫
d3p′1
(2π)3
×
×
{
|Mpipi|2 (2π)
4δ4(p+ p1 − p′ − p′1)
16EE1E′E′1
×
× [fp′fp′
1
(1 + fp)(1 + fp1)
− fpfp1(1 + fp′)(1 + fp′1)
]}
, (6)
where we have introduced the short-hand notation fp ≡
f(x, p). The main physics input is the square of
the isospin averaged invariant matrix element for ππ-
scattering:
|Mpipi|2 ≡ 1
9
2∑
I=0
(2I + 1)
∣∣MIpipi∣∣2 , (7)
where MIpipi corresponds to the isospin-I channel. These
matrix elements will be evaluated in sect. III within the
NJL model.
For a local Bose distribution with temperature T and
pion chemical potential µpi,
f (0)p =
1
exp [(pνuν(x) − µpi(x)) /T (x)]− 1 (8)
3the collision term vanishes, i.e., Cpipi[f
(0)] = 0. Because
of this, the system is then said to be in ‘local thermal
equilibrium’. In general, however, f
(0)
p is not a solution
of the BUU equation, since the derivatives on the left-
hand side of eq. (5) do not vanish for x-dependent fields.
We are particularly interested in static solutions1 with
a non-vanishing shear flow. To this end, we work in the
local rest frame of the fluid, u = (1, 0, 0, 0)T , and con-
sider a time-independent equilibrium distribution f (0)
with ∂iuj 6= 0 for some spatial indices i 6= j. More-
over, we assume that T and µpi do not depend on x. The
solution of the the BUU equation is then constructed in
the framework of a Chapman-Enskog expansion [35–37]
to leading order. This means, we write
fp = f
(0)
p + f
(1)
p , (9)
and linearize the collision term Cpipi in the correction f
(1)
p ,
while the advective term (the left-hand side of eq. (5)) is
evaluated with f
(0)
p only. Parametrizing f
(1)
p as
f (1)p = f
(0)
p (1 + f
(0)
p )B
ij
p τ
shear
ij (10)
where τ shearij =
1
2 (∂iuj+∂jui− 23δij ~∇·~u) in the local rest
frame of the fluid, one finally arrives at
− f (0)p
(
1 + f (0)p
) pipj
ET
=
gpi
2
∫
d3p′
(2π)3
∫
d3p1
(2π)3
∫
d3p′1
(2π)3
(2π)4δ(4p+ p1 − p′ − p′1)×
× |Mpipi|
2
16EE1E′E′1
f (0)p f
(0)
p1 (1 + f
(0)
p′ )(1 + f
(0)
p′
1
)×
×
[
Bijp′ +B
ij
p′
1
−Bijp −Bijp1
]
, (11)
which is a linear integral equation for the tensor function
Bijp = B(|~p|)
(
pˆipˆj − 1
3
δij
)
, (12)
where pˆ = ~p/|~p|. We solve this equation by expanding the
function B in generalized Sonine polynomials. Further
details are given in the appendix.
Having constructed the distribution function f , we
can now insert it into eq. (4) to determine the energy-
momentum tensor. The shear viscosity is then obtained
1 Since we want to calculate static transport coefficients, we
should consider static solutions. In principle, we can set up the
system to be in local thermal equilibrium at some given time
t0. However, the BUU equation then drives the system away
from the equilibrium distribution, i.e., this solution would not
be static.
by comparing the result with Eqs. (1) – (3). In fact, as
the equilibrium distribution just gives rise to the ideal
part of T µν , the relevant contribution comes from the
correction term f (1). One finds
η =
gpi
15
4π
(2π)3
∞∫
0
dp
p4
E
f (0)p (1 + f
(0)
p )B(p). (13)
Finally we note that the kinetic description is only
valid in the dilute-gas limit, i.e., if the system is well
approximated by a free gas and interactions lead only to
minor corrections. This means that the mean free path λ
has to be much larger than the typical range of interac-
tion r. To assess the region of validity of our results we
therefore have to check whether this condition is fulfilled.
III. IN-MEDIUM PION SCATTERING IN THE
NJL MODEL
The remaining task for the calculation of the shear vis-
cosity in the approximation, discussed above, is the de-
termination of the in-medium pion mass mpi and the ππ-
scattering amplitude Mpipi. As motivated in the Intro-
duction, this will be done within the NJL model, which
has the advantage that it allows for calculating medium-
dependent meson properties, including effects of their
quark substructure and the chiral transition.
In the present analysis we restrict ourselves to two
quark flavors and use the standard NJL-model La-
grangian [24, 25],
L = ψ(i/∂ −m0)ψ + g[(ψψ)2 + (ψiγ5~τψ)2], (14)
with four-point interactions in the scalar-isoscalar (σ)
and pseudoscalar-isovector (π) channels. Here ψ denotes
a quark field, m0 is the bare quark mass, and g is a cou-
pling constant with mass dimension−2. The model is not
renormalizable and we use a 3-momentum cut-off Λ in or-
der to regularize divergent loop integrals. For the numer-
ical calculations we take the parameters m0 = 5.0 MeV,
gΛ2 = 2.06, and Λ = 664.3 MeV from [29].
A. Pion mass
The strong attractive interaction between the quarks
leads to the dynamical generation of a mass gap. In the
Hartree approximation, this so-called constituent quark
mass is given by
mq = m0 +ΣH , (15)
4= + .
FIG. 1: Gap equation in the Hartree approximation. The
dashed line corresponds to the bare quark propagator S0, the
solid line corresponds to the dressed quark propagator S.
= +
FIG. 2: Bethe-Salpeter equation for quark-antiquark scatter-
ing in Random-Phase Approximation. The T -matrix is de-
picted by double lines, while single lines denote the dressed
quark propagator.
where ΣH is the one-loop self-energy, diagrammatically
depicted in fig. 1. We refer to the literature for the exact
expression of ΣH , see e.g. [38] for details. Note that un-
like the bare massm0, ΣH and, thus, mq are temperature
dependent, so that typically mq ≫ m0 at low T , whereas
mq ≈ m0 at high T .
Quark-antiquark scattering processes in specific chan-
nels can be associated with the propagation of a meson.
In the Random-Phase Approximation (RPA) the Bethe-
Salpeter equation for the quark-antiquark T -matrix takes
the form, diagrammatically shown in fig. 2. This approx-
imation is a standard technique in the NJL model, again
we refer to [38] for details of the calculation. Evaluation
of this equation in the scalar and pseudoscalar channels,
respectively, yields the meson “propagators”
DRPAM (q) =
−2g
1− 2gΠRPAM (q)
. (16)
where M ∈ {πa, σ}, and ΠM denotes the correspond-
ing quark-antiquark polarization loop. For the momenta
we have used the short-hand notation q ≡ (iωm, ~q) with
bosonic Matsubara frequencies ωm = 2mπT . After ana-
lytic continuation to real energies, which simply amounts
to replacing iωm by q0 + iε in the final expressions,
2 the
meson masses mM can be extracted from the position of
2 This corresponds to the retarded propagator. Alternatively, we
could replace iωm by q0 + i sign(q0)ε for the time-ordered prop-
agator.
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FIG. 3: Masses of constituent quarks (solid/red line), pions
(dotted/blue line), and σ-mesons (dashed-dotted/green line)
as functions of temperature. The vacuum-pion mass is shown
as a thin line.
the pole of DM ,
1− 2gReΠRPAM (q0 = mM ,~0) = 0. (17)
Here we have chosen to define the “mass” of an unbound
resonance via the real part of ΠM , while for bound-state
solutions, i.e., for q0 = mM < 2mq the polarization func-
tion is real anyway.
Like the constituent quark mass, the masses of the pion
and the σ-meson are temperature dependent. This is
well known from the literature (see, e.g., [27]) and shown
in fig. 3 for our choice of parameters. The latter have
been fitted to reproduce a pion mass of mpi = 135 MeV
in vacuum [29]. In the chirally broken phase, the pion
is protected by being an approximate Goldstone boson,
and hence the temperature dependence of mpi is very
weak. The mass of the σ-meson, on the other hand, is
approximately given by 2mq and therefore drops consid-
erably when approaching the crossover temperature. In
the restored phase, mpi and mσ rise again and become
asymptotically degenerate.
For the later discussion of the ππ-scattering cross sec-
tion it is useful to define two characteristic temperatures
in the crossover region, which have been introduced first
in ref. [32]. The first one is the σ-dissociation tempera-
ture, defined by
mσ(Tdiss) = 2mpi(Tdiss). (18)
For T < Tdiss, the σ-meson can decay into two pions.
The second is the Mott-temperature, defined by
mpi(TMott) = 2mq(TMott). (19)
5FIG. 4: Diagrams contributing to pipi-scattering in leading-
order 1/Nc. Left: box diagram. Right: σ-meson exchange.
In the quark loops, both directions of the momentum flow
should be taken into account.
For T > TMott, the pion can decay into a quark-antiquark
pair, i.e., it is no longer a bound state but only a qq¯ res-
onance. With the parameter set chosen here, we have
Tdiss = 179.9MeV and TMott = 198.55MeV. In the chi-
ral limit, both temperatures are equal to the critical tem-
perature of the chiral phase transition. Thus, they can
be taken as possible definitions of the chiral crossover
temperature.
B. pipi-scattering length
Since pions are not elementary degrees of freedom in
the NJL model, there is no elementary pion-pion inter-
action in the model. However, effective meson-meson
vertices can be constructed by using the diagrammatic
building-blocks of the NJL model. We follow [31, 32] and
consider the leading-order diagrams in a 1/Nc-expansion.
The two diagrams contributing toMpipi to that order are
shown in fig. 4. In the first diagram the pions are cou-
pled through an intermediate quark loop (‘box’), while
the second corresponds to the exchange of a σ-meson,
which is coupled to the external pions via quark trian-
gles.3 To be precise, the diagrams shown in fig. 4 are
representatives of two classes of diagrams which must
be considered [31]. In the case of the box diagram, the
pions can be attached to the quark loop in various or-
derings, leading to three distinct amplitudes. Moreover,
the σ-meson exchange must be taken in the s-, t- and
u-channel. These contributions can be coupled to the
different isospin channels. The ππ-scattering length is
3 In the limit of infinitely heavy quarks, the quark box and
the triangle shrink to a pointlike four-pion and σpipi-vertex, re-
spectively. The diagrams shown in fig. 4 then reduce to the
leading-order contributions for pipi-scattering in the linear sigma
model [39].
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FIG. 5: The pipi-scattering lengths as functions of temper-
ature. The dash-dotted (green) lines correspond to I =
0, whereas the solid (orange) lines correspond to I = 2.
Bold lines denote the NJL results, whereas the thin lines
correspond to the vacuum-extrapolated Weinberg scattering
lengths.
related to the invariant matrix element at threshold,4
aI =
1
32πmpi
MIpipi(s = 4m2pi, t = u = 0). (20)
The explicit expressions for a0 and a2 as functions of
temperature are given in ref. [32], while a1 vanishes, as
it should for s-wave scattering.
The results are shown in fig. 5. With the parameter
set used in this article, we find the same qualitative be-
havior as in [32]. The vacuum values a0 = 0.164m−1pi and
a2 = −0.041m−1pi , are in reasonable agreement with the
Weinberg scattering lengths [40],
a0W =
7mpi
32πf2pi
, a2W = −
2mpi
32πf2pi
. (21)
which yield a0W = 0.149m
−1
pi and a
2
W = −0.0425m−1pi .
Note that the chiral expansion employed by Weinberg is
not identical to the 1/Nc expansion. Thus perfect agree-
ment should not be expected.
At finite temperature, the scattering lengths deviate
from their vacuum values. This effect is very small at low
temperatures but becomes important when approaching
the crossover region, in particular the two transition tem-
peratures Tdiss and TMott. At T = Tdiss, the process
4 Since we do not expect any confusion, we denote both, the
center-of momentum energy and the entropy density, by s, as
customary.
6π + π → σ is resonant for two pions at rest. Thus
the s-channel σ-exchange diagram involves an on-shell σ-
propagator, giving rise to a strong peak in the isoscalar
channel.5 Similarly, at T = TMott, a pion at rest is at
threshold for the decay process into a quark-antiquark
pair. This leads to a divergent scattering length in both
isospin channels at the Mott temperature
The resonant scattering length at Tdiss and TMott is
reminiscent of the behavior of cold atomic gases in an
external magnetic field in the vicinity of a Feshbach res-
onance. In the present case the role of the magnetic field
is taken by the temperature. This analogy between cold
atoms and hot pions will be investigated further in the
following sections.
C. Scattering amplitude
As discussed in sect. II, the calculation of the shear
viscosity of an interacting pion gas within kinetic the-
ory involves the in-medium scattering amplitudes MIpipi.
In the following we introduce four approximate ways to
evaluate MIpipi. Comparison of the corresponding results
will then allow to identify the most relevant effects.
1. Weinberg amplitude
The most simple approximation is to neglect both, mo-
mentum and temperature dependence of the scattering
amplitude, and to employ Eqs. (20) and (21) to construct
the latter from the Weinberg scattering lengths,
M0pipi,W =
7m2pi
f2pi
, M2pipi,W = −
2m2pi
f2pi
(22)
This approximation has previously been discussed in
ref. [13].
2. Medium modified momentum independent amplitude
We have seen in sect. III B that the assumption of
a temperature independent scattering amplitude is defi-
nitely not a good approximation when approaching the
crossover region. Therefore, in order to improve on this,
5 Note that a0 does not diverge at T = Tdiss since in the NJL
model the σ-meson has a small but nonvanishing width due to
qq¯-decay.
we replace the Weinberg scattering lengths by the tem-
perature dependent scattering lengths of fig. 5. However,
we still neglect the momentum dependence, i.e., we eval-
uate the amplitudes only at the two-pion threshold,
MIpipi,th =MIpipi(s = 4m2pi, t = u = 0). (23)
At low temperature the Weinberg amplitudes are approx-
imately recovered because of the good agreement of the
NJL scattering lengths with the Weinberg ones. On the
other hand,MIpipi,th also incorporates the “Feshbach res-
onances” at Tdiss and TMott. Of course, this will be im-
portant for the shear viscosity.
3. Momentum dependent σ-meson exchange
On the other hand, in the crossover region where the
temperature is of the order of the pion mass, the ap-
proximation of a generally momentum dependent scat-
tering amplitude by its value at the two-pion threshold
becomes questionable as well. This is most obvious for
the σ-meson exchange diagram (Fig. 4, right) in the s-
channel. As explained above, the resonant behavior of
a0 at T = Tdiss is due to the fact that at this tempera-
ture the σ-meson propagator is on-shell for pions at rest.
However, when the thermal motion of the pions is taken
into account, the σ-meson can become on-shell already
at lower temperatures, while at T = Tdiss a large fraction
of pion pairs is far away from the threshold.
In order to include this effect, we again improve our ap-
proximation scheme and take the momentum dependence
of the σ-propagator into account. To be precise, in the
s-channel we consider a σ-meson with energy q0 =
√
s
and vanishing three-momentum, while in the t- and u-
channel we take q0 = 0 and |~q| = t or u, respectively. For
simplicity, we still neglect the momentum dependence of
the quark triangle and box diagrams. This approxima-
tion is sometimes called the ‘static limit’ and can be in-
terpreted as not resolving the quark substructure of the
effective meson-meson vertices. We expect that this is a
minor effect, except for temperatures close to and above
TMott.
For small momenta, the resulting scattering amplitude
is equal to MIpipi,th, so the Weinberg scattering length is
again well reproduced at T = 0. Above the two-pion
threshold there is now also a small p-wave contribution,
giving rise to a non-vanishing amplitude in the isospin-1
channel. This is taken into account in our calculations.
However, for a realistic description of this channel, the
7FIG. 6: Selfenergy correction to the σ-meson propagator with
two intermediate pions.
ρ-meson has to be included. This extention of the model
is left for future work.
4. Including the pipi-decay width of the σ-meson
A still unrealistic feature of the previous approxima-
tion is the structure of the intermediate σ-meson. While
the process ππ ↔ σ is an essential ingredient of the
ππ-scattering amplitude, the coupling of the σ-meson
to a two-pion intermediate state is not included in the
RPA Bethe-Salpeter equation, depicted in fig. 2. As a
consequence, the σ-meson only has a small width due
to quark-antiquark decay, whereas the ππ-decay width,
which should be dominant at low temperature, is not
taken into account.
Thus, in an improved approximation we consider a
dressed σ-propagator,
Ddressedσ (q) =
−2g
1− 2gΠdressedσ (q)
, (24)
where Πdressedσ (q) is a sum of the RPA polarization loop
and a correction term which contains a two-pion interme-
diate state. This correction can be derived systematically
in an expansion in the inverse number of colors (1/Nc) to
next-to-leading order [38, 41–46]. The relevant diagram
is shown in fig. 6 and yields
Πpipiσ (q) = −
3
2
Γ2σpipiT
∑
n
∫
d3k
(2π)3
DRPApi (q + k)D
RPA
pi (k),
(25)
with q = (iωm, ~q), k = (iωn, ~k) and bosonic Matsubara
frequencies ωm and ωn. Γσpipi denotes the effective σππ
vertices, i.e., the quark triangles in fig. 6, which are again
evaluated in the static limit.
After analytical continuation to real energies, Πpipiσ
has a nonvanishing imaginary part above the two-pion
threshold. This is exactly the wanted effect. In addition,
it has also a real part, leading to a renormalization of
the σ-meson mass. Unfortunately, this causes inconsis-
tencies with chiral low-energy theorems, which are based
on a delicate cancellation between the σ-exchange and
the box diagram in fig. 4.
This problem cannot easily be cured. In principle, con-
sistency with chiral symmetry can be achieved in a sys-
tematic 1/Nc expansion by taking into account all dia-
grams of a given order. At leading order these are the
diagrams shown in fig. 4 with the RPA σ-meson, while at
next-to-leading order there are more than 60 additional
diagrams, not counting the different orderings to attach
the external pions. Moreover, the fact that fig. 6 is iter-
ated in the σ-propagator spoils the strict 1/Nc-counting,
and we would encounter inconsistencies even if all next-
to-leading order diagrams were considered.
In this situation, we decided to include the σ-width in
a minimal fashion by considering only the imaginary part
of Πpipiσ but neglecting the real part, i.e., we take
Πdressed(q) = ΠRPAσ (q) + iImΠ
pipi
σ (q). (26)
As a consequence, the propagator is not modified at and
below the two-pion threshold, which implies that the
scattering lengths remain unchanged. In particular, the
Weinberg scattering lengths are still reproduced well at
T = 0.
Of course, this way of including the σ-width is very
schematic. At the present stage we mainly want to esti-
mate its importance for the shear viscosity, while we are
not aiming a perfect description of ππ-scattering. We
note that neglecting the real part of Πpipiσ , which is re-
lated to the imaginary part by the Kramers-Kronig re-
lation, violates causality. We believe, however, that this
is a minor effect in comparison with the violation of the
chiral low-energy theorems, which would occur if the real
part was taken into account.
In fig. 7, the spectrum of the σ-meson is shown for
different temperatures. The “spectral function”6
ρσ(q) = −2ImDσ(q) (27)
is shown for |~q| = 0 as a function of energy for both
approximations, RPA as well as the additional dressing.
In the vacuum, the RPA meson has a very small spectral
width, while the dressed σ-meson is much broader. When
6 The meson propagators as defined in Eqs. (16) and (24), and,
thus, the spectral functions defined in eq. (27) are not prop-
erly normalized. However, since it is the unrenormalized σ-
propagator which enters into the pipi-scattering matrix elements,
we prefer to compare the corresponding unnormalized spectral
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FIG. 7: Unnormalized spectral functions of the σ-meson as
functions of energy q0 for different temperatures. The dashed
(green) lines indicate the RPA calculations, while the solid
(red) lines include dressing of the σ-meson as described in the
text.
the temperature increases, the quark mass decreases and
thus the threshold for the RPA meson moves downwards.
At the same time, the mass peak of the σ moves down-
wards as well (see fig. 3). Therefore the phase space for
the two-pion decay becomes smaller and the width of the
dressed σ-meson gets reduced. At T = 177 MeV, which
is near the dissociation temperature, the thresholds 2mpi
and 2mq are almost equal. At temperatures above the
Tdiss, the pion decay plays only a minor role, and the
dressed σ-meson is very similar to the RPA result. The
threshold in this temperature range is determined by the
qq¯-decay channel, which is included in both descriptions
of the σ-meson.
D. Scattering cross section
The isospin-averaged differential cross section in the
center-of-momentum frame is given by
(
dσ
dΩ
)
cm
=
|Mpipi|2
64π2s
, (28)
where |Mpipi|2 is the isospin-averaged squared scattering
amplitude as defined in eq. (7). In fig. 8 we compare
the total cross sections of the four different approxima-
tions introduced in sect. III C at four different temper-
atures: vacuum (T = 0), an intermediate temperature
(T = 150 MeV), T = 177 MeV, which is closely below the
σ-meson dissociation temperature, and T = 188 MeV,
which is between T = Tdiss and T = TMott.
For all temperatures, the three curves based on the
NJL model coincide for
√
s → 2mpi, but are in general
quite different above threshold. In vacuum, since the
NJL scattering lengths are in good agreement with the
Weinberg values, the cross sections obtained with the
momentum independent amplitudesMIpipi,th andMIpipi,W
(purple dash-dotted line) are almost identical. Taking
into account the momentum dependence of the σ-meson
propagator in RPA (green dashed line) leads to a very
pronounced peak at mσ ≈ 600MeV, which gets strongly
broadened when the ππ-decay width is included (red solid
line).
While the Weinberg cross section is temperature inde-
pendent by construction, the NJL results change when
the temperature is altered. The main effects can be at-
tributed to the temperature dependence of the σ-meson
mass and, closely related to this, to the temperature
dependence of the scattering lengths, cf. Figs. 3 and
5. When the scattering amplitude is approximated by
its threshold value (blue dotted lines), the latter sim-
ply leads to a scaling of the vacuum result by an en-
ergy independent factor, which basically follows the be-
havior of the squared scattering lengths. In particular
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FIG. 8: Total cross section as a function of center-of-
momentum energy
√
s for four different temperatures. The
different curves correspond to different approximations. The
dash-dotted (purple) lines were computed with the con-
stant Weinberg scattering amplitudes MIpipi,W . The dotted
(blue) lines correspond to the temperature-dependent but
momentum-independent amplitudes MIpipi,th. Note that this
line coincides with the previous one in vacuum. For the re-
sults indicated by the dashed (green) lines, the momentum
dependence of the σ-meson propagator was taken into ac-
count in RPA, while the solid (red) lines were computed with
the dressed σ.
the whole curve (almost) diverges at the “Feshbach res-
onances” T = Tdiss and T = TMott.
When the momentum dependence of the σ-meson
propagator is taken into account, the temperature effects
are more subtle. Since the σ-meson mass decreases, the
corresponding peak in the RPA calculation moves down-
wards in energy (green dashed lines), reaches the thresh-
old at T = Tdiss and finally moves out of the kinemati-
cally allowed regime. Thus, whereas at T = 150 MeV the
qualitative behavior is still similar to the vacuum case,
at temperatures close to or above the σ-meson dissocia-
tion temperature, the cross sections can fall considerably
below the approximation with the momentum indepen-
dent amplitudes. It is also remarkable that, except for
the threshold region, the cross sections obtained with the
dressed σ-meson (red solid lines) are rather temperature
independent.
Finally, we note that the NJL-model cross sections are
typically orders of magnitude larger than the cross sec-
tions obtained from the Weinberg scattering lengths and
agree with the latter only at low temperatures at thresh-
old. Of course, this also has important consequences for
the shear viscosity, which we discuss in the next section.
IV. SHEAR VISCOSITY AND THE IDEAL
FLUID
The masses and scattering amplitudes computed in
the previous section can now be used to calculate the
shear viscosity as outlined in sect. II, i.e., from Eq. (13).
Thereby we restrict ourselves to the case of a vanishing
pion chemical potential, µpi = 0.
A. Shear viscosity
The shear viscosity η as a function of temperature T
is shown in fig. 9, where again the results of the dif-
ferent approximations for the scattering amplitude are
compared. For a qualitative interpretation it is useful to
recall the simple nonrelativistic approximation
η ≈ p¯/(3σ¯tot) , (29)
where p¯ and σ¯tot are the thermally averaged pion mo-
mentum and cross section, respectively. Since with
increasing temperature, increasing momenta and ener-
gies are probed, the cross section obtained with the
constant Weinberg amplitude decreases with tempera-
ture (cf. fig. 8) and therefore the shear viscosity rises
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FIG. 9: The shear viscosity η as a function of temperature
for the different approximations for the scattering amplitudes
discussed in the text. The lower part of the figure shows the
same results as the upper part, but in a log-log representation
in order to highlight the low-temperature behavior. The line
styles are consistent with the choice in fig. 8: The dash-dotted
(purple) line was obtained with the constant Weinberg scat-
tering amplitudes MIpipi,W , the dotted (blue) line with the
temperature dependent but momentum independent ampli-
tudes MIpipi,th. For the dashed (green) line, the momentum
dependence of the σ-meson propagator was taken into ac-
count in RPA, while the solid (red) line was computed with
the dressed σ. Thin lines indicate the regions where the va-
lidity of the Boltzmann approach is questionable. Here we
have defined these regions as the intervals where the lower
boundary of the corresponding band in fig. 10 is less than
unity.
monotonously in this approximation (purple dash-dotted
line).
Almost the same result is obtained with the momen-
tum independent NJL amplitude (blue dotted line) in the
regime below T ≈ 100 MeV, where this amplitude is in
good agreement with the Weinberg value. On the other
hand, in the vicinity of the chiral crossover, in particu-
lar at Tdiss and TMott, the shear viscosity becomes very
small because of the large cross section in this region.
When the momentum dependence of the RPA σ-meson
propagator is taken into account (green dashed line), the
minimum of the viscosity moves to lower temperature.
In fact, we should expect that the minimum is roughly
at the temperature where the mean center-of-momentum
energy matches the σ-meson mass peak. This estimate
yields Tmin ≈ 100 MeV, while the exact value is even
somewhat lower, Tmin ≈ 70 MeV. Accordingly, at low
and intermediate temperatures, the shear viscosity is con-
siderably lower than in the previous approximations. On
the other hand, when the dissociation temperature is ap-
proached, the energy of most pion pairs is way above
the σ-meson mass peak and, hence, the viscosity is much
larger than in the case of the momentum independent
threshold amplitude. Note, however, that the strong de-
crease towards the Mott temperature persists. This is
most likely an artifact of neglecting the momentum de-
pendence of the quark triangles and box diagrams.
When we consider the dressed σ-meson, we obtain the
result indicated by the red solid line. At low tempera-
ture the broadening of the mass peak leads to a strong
enhancement of the cross section in the relevant kine-
matical region, whereas at intermediate temperatures, it
is strongly reduced. As a consequence, the dip which is
found in RPA, leading to a minimum at T ≈ 70 MeV, is
completely washed out. Above the dissociation tempera-
ture, the pion decay channel of the σ-meson is of course
irrelevant, and the shear viscosity practically coincides
with the RPA result.
Finally, it should be noted that in the low-temperature
limit all approximations approach the Weinberg result.
This follows from the fact that at low enough temper-
ature the momenta of the pions can be neglected and
therefore only the scattering lengths are relevant. Hence
the viscosities obtained from the momentum dependent
scattering amplitudes converge to the result from the
momentum independent amplitude, which in turn is in
good agreement with the Weinberg result. It turns out,
however, that in particular for the dressed σ-meson one
has to go to very low temperatures to see this behavior
(see lower part of fig. 9). Here we find that, because of
the steep rise of the cross section near the threshold (see
fig. 8), the viscosity starts to deviate from the other ap-
proximations already at T ≈ 0.1 MeV. Above this value,
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it first decreases and reaches a minimum at T ≈ 2 MeV,
while the other curves strongly grow in this interval. As
a consequence, the viscosities differ already by about an
order of magnitude at T = 5 MeV.
Of course, these low temperatures are only of concep-
tual interest. Since there is no pion chemical potential,
the particle distribution functions decrease exponentially
with decreasing T and become extremely small. As a con-
sequence we encountered numerical instabilities at tem-
peratures below 5 MeV. In this temperature regime, we
have therefore performed a nonrelativistic approximation
in order to obtain numerically stable results.
B. Validity of the kinetic description
Although kinetic theory formally provides a viscosity
for all interactions at any temperature, we should keep
in mind that the underlying assumption is the dilute gas
limit, i.e., the results can only be trusted if the mean free
path λ is much larger than the typical range of the inter-
action r. The mean free path is given by λ = 1/(nσ¯tot),
where n is the pion density, which can be calculated in
the ideal-gas limit. For the thermally averaged cross sec-
tion we simply invert eq. (29) and express it through the
calculated shear viscosity. This yields λ = 3η/(np¯).
In addition, we have to estimate the interaction range
in an appropriate way. Since in our model the long-range
part of the ππ-scattering is mediated by σ-meson ex-
change, we may set r = 1/mσ. Two alternative estimates
have been established in ref. [17]. The first is based on
the hard-sphere limit, leading to r =
√
σ¯tot/π. The sec-
ond is the Compton wave length of the scattered particle,
i.e., in our case r = 1/mpi.
Hence, since the definition of the interaction range is
somewhat arbitrary, we check the validity of the kinetic
approach by calculating λ/r for all three estimates of r.
The results agree qualitatively for a single scattering am-
plitude, but depend strongly on the scattering amplitude
itself. This is shown in fig. 10, where the different bands
indicate the regions between the smallest and the largest
λ/r for a given scattering amplitude. For the weakest in-
teraction, the temperature and momentum independent
Weinberg amplitude, the ratio λ/r is much larger than
unity for all temperatures of interest. For the other ap-
proximations, on the other hand, there are regions where
λ/r gets small and, thus, the Boltzmann approach is not
valid. In fact, since λ is proportional to η in our estimate,
these regions roughly coincide with the minima of the
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FIG. 10: The ratio λ/r as a function of temperature for the
different approximations for the scattering amplitudes. The
bands indicate the region between the results obtained with
the largest and the smallest estimate for r. The colors and
the line styles bordering the shaded regions are consistent
with the choice in Figs. 8 and 9.
shear viscosity. For instance, for the momentum indepen-
dent, but temperature dependent NJL-model amplitude,
λ/r gets very small in the vicinity of Tdiss and TMott,
whereas including the momentum dependence of the σ-
propagator in RPA invalidates the BUU approach even at
temperatures below 100 MeV. This is cured again, when
the ππ-decay width of the σ-meson is taken into account.
In this case the results can be trusted until closely below
the Mott temperature.
C. Fluidity measures
In order to compare the fluidity of systems with rather
different natural scales, like cold atomic gases, water or
the quark-gluon plasma, the absolute value of the shear
viscosity is not very meaningful. More appropriate fluid-
ity measures are therefore dimensionless ratios of η and
some thermal quantity, which scales in the proper way.
The most prominent example, at least in the context of
the quark-gluon plasma, is the ratio of shear viscosity and
entropy density s, which has been conjectured to have a
universal lower bound, η/s ≥ 1/4π [33].
An alternative measure, which is better suited for the
comparison of relativistic and nonrelativistic systems,
has been suggested in ref. [47]. It is given by the ratio of
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two characteristic length scales
Lη/Ln =
ηn1/3
hcs
, (30)
where Lη = η/(hcs) is related to the shear viscosity and
Ln = 1/n
1/3 is related to the density. Here n is the
number density, cs is the sound velocity and h = ǫ+ p is
the enthalpy density.
Our results for η/s and Lη/Ln are shown in fig. 11.
For the shear viscosity, we only take the most realis-
tic amplitude, which includes the dressed σ-meson. The
other quantities involved in the ratios, i.e., s, n, h and cs,
are calculated in the ideal-gas limit, which is consistent
with the Boltzmann approach. We find that both fluid-
ity measures are very similar. After decreasing by several
orders of magnitude at low temperatures, the curves be-
come rather flat in an intermediate temperature regime,
where we find η/s ≈ 3 and a somewhat larger value for
Lη/Ln. Finally, there is another steep decrease when T
approaches the Mott temperature. However, as already
mentioned, this drop is probably an artifact of neglect-
ing the momentum dependence of the quark triangles and
boxes.
For comparison we also show the ratios one obtains
when η is calculated from the simple estimate eq. (29)
with the additional assumption that the thermally aver-
aged cross section σ¯tot can be approximated by the cross
section at the averaged momentum σtot(p¯). Compared
with the Boltzmann approach, the results are about 30%
lower but in good qualitative agreement. Hence, at a
stage where the uncertainties in the scattering amplitude
are still very large, this approximation is a viable alter-
native to the exact solutions of the BUU equations.
V. DISCUSSION
In this article, we have computed the shear viscosity
of a pion gas within relativistic kinetic theory. Our main
focus was to study the effects that originate from the
chiral crossover transition. To this end we have employed
a two-flavor NJL model to calculate the effective masses
and scattering amplitudes of pions in a hot medium. The
shear viscosity was then obtained from the solution of
the BUU equation in a Chapman-Enskog expansion to
leading order. Simultaneously we have carefully analyzed
the range of validity of this approach, bearing in mind
that kinetic theory can only be applied for dilute gases.
While at low temperatures our results are consistent
with lowest-order chiral perturbation theory, the scat-
tering of pions is strongly affected by the restoration of
chiral symmetry at high temperature. In particular the
lowering of the σ-mass leads to a strong enhancement of
the s-channel σ-exchange diagram. As a consequence,
the shear viscosity is much smaller than it would be ex-
pected from a simple vacuum extrapolation.
In the cross-over region the ππ-scattering length di-
verges at two characteristic temperatures, Tdiss and
TMott. This is reminiscent of the situation in ultra-cold
atomic gases in the vicinity of a Feshbach resonance. Mo-
tivated by this analogy, in a first step, we have neglected
the momentum dependence of the scattering amplitude
completely and only kept the temperature dependence
according to the scattering length. Accordingly, the shear
viscosity was found to have sharp minima at Tdiss and
TMott in this approximation.
On the other hand, unlike for cold atoms, the knowl-
edge of the scattering length is not sufficient to describe
the scattering of hot pions. Because of thermal motion,
the σ-meson mass pole can be reached at temperatures
well below the dissociation temperature, and we there-
fore find a considerable reduction of the shear viscosity
at lower temperatures, when the momentum dependence
of the scattering amplitude is taken into account.
However, the results turned out to be very sensitive
to the approximations we have applied to evaluate the σ-
propagator, and our ‘most reliable’ approximation, where
we have included the σ → ππ-decay width, is surely not
the last word. In fact, except for the region close to
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the Mott temperature, where the Boltzmann approach
should not be trusted, our results for η/s are still more
than one order of magnitude above the conjectured lower
bound of 1/4π. Thus, various improvements and exten-
sions of the model should be performed:
The dressing of the σ-meson as described in sec. III C 4
was done in a rather simple way by only including the
imaginary part of the diagram shown in fig. 6. As already
pointed out, this ensures the correct threshold behavior,
dictated by chiral symmetry, but it violates causality.
One may try to cure this problem by calculating the real
part of the of the diagram from a subtracted dispersion
relation, with the subtraction constant chosen in such a
way that the scattering lengths remain unchanged. This
would be rather straightforward in the chiral limit. For
physical pion masses it is more difficult because, even at
threshold, the σ-meson in the s-channel is probed at a
different kinematical point than in the t- and u-channel
(q2 = 4m2pi and q
2 = 0, respectively), so that it is not
immediately clear how to make the subtraction.
The dressed σ-meson can be viewed as to arise from
iterating the σ-meson exchange diagram in fig. 4. In the
same way one should also iterate the box diagram. For-
mally, this yields a series of diagrams which are of the
same order in 1/Nc as the dressing of the σ-meson and
which contributes to the imaginary part above the two-
pion threshold as well. We have not considered these
diagrams so far, because our primary interest was in get-
ting rid of the sharp resonance peak caused by the RPA
σ-meson. They might nevertheless give important con-
tributions to the scattering amplitude. Taking them into
account, makes it of course even more difficult to satisfy
chiral theorems and causality, and one has to see whether
dispersion techniques can help here as well. Maybe at
that point one has to give up some of the formal require-
ments and should judge the reliability of the approxima-
tion by comparison with ππ-scattering data at T = 0.
In the ππ-sector, we should also include intermediate
ρ-mesons in order to obtain a realistic description of the
p-wave isovector channel. In addition, we should include
other hadrons, which are suppressed at low temperatures,
but can become important in the crossover region [48–
50]. In particular, we wish to extend the model to three
flavors and include kaons and η-mesons. Moreover, we
would like to include the scattering of quarks, which be-
come important above the crossover temperature. On
the other hand, in order to suppress quark effects in the
hadronic phase, they should be coupled to the Polyakov
loop. Work in these directions is in progress.
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Appendix A: Generalized Sonine functions
In order to solve the linear integral equation (11), we
follow Refs. [13, 17] and expand the scalar function B(p)
defined in eq. (12) in so-called generalized Sonine poly-
nomials P rp ≡ P r(|~p|),
B(|~p|) =
∑
r
brP rp . (A1)
The latter are polynomials of degree r,
P rp =
r∑
j=0
crj p
j , (A2)
which satisfy the orthogonality relations
∫
dp
p4
Ep
f (0)p
(
(1 + f (0)p
)
)P rpP
s
p = N rδrs. (A3)
As in Refs. [13, 17] we do not choose the normalization
constants N r to be unity, but consider monic functions,
crr = 1. The remaining coefficients c
r
j are then uniquely
determined by eq. (A3). These coefficients depend on T ,
µpi, and mpi, but the numerical orthogonalization is not
a challenge.
Thus, the remaining problem is to compute the coeffi-
cients br of the expansion (A1). To this end, we multiply
both sides of eq. (11) with
P rij(~p) = P rp
(
pˆipˆj − 1
3
δij
)
, (A4)
sum over the indices i and j, and integrate over the mo-
mentum ~p. Then, after inserting eq. (12) and the expan-
sion (A1) for Bij , one obtains a linear equation for the
expansion coefficients,
Arsbs = Cr , (A5)
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with
Ars =
gpi
2
∫
d3p
(2π)3
∫
d3p′
(2π)3
∫
d3p1
(2π)3
∫
d3p′1
(2π)3
×
× (2π)4δ4(p+ p1 − p′ − p′1)
|Mpipi|2
16EE1E′E′1
×
× f (0)p f (0)p1 (1 + f (0)p′ )(1 + f (0)p′
1
)P rp
(
pˆipˆj − 1
3
δij
)
×
×
[
P sp′
(
pˆ′ ipˆ′ j − 1
3
δij
)
+ P sp′
1
(
pˆ′1
ipˆ′1
j − 1
3
δij
)
−P sp
(
pˆipˆj − 1
3
δij
)
− P sp1
(
pˆi1pˆ
j
1 −
1
3
δij
)]
, (A6)
and
Cr = −2
3
∫
d3p
(2π)3
~p2
ET
f (0)p (1 + f
(0)
p )P
r
p . (A7)
The tensor Ars and the vector Cr have to be calculated
numerically. After that the coefficients br are obtained
by inverting eq. (A5).
For the numerical treatment, the expansion has to be
truncated to a finite set of generalized Sonine polynomi-
als. We have checked the convergence by studying the
dependence of the resulting shear viscosity on the num-
ber of basis functions NS . An example is given in fig. 12,
where the NS dependence of η is shown for T = 170MeV.
We find that it is sufficient to take into account the first
three polynomials, a result which holds in the whole tem-
perature range T < TMott.
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